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Problem 1. Let ABC be a triangle with ZA < 60°. Let X and Y be the points on the sides
AB and AC, respectively, such that CA+ AX = CB+ BX and BA+ AY = BC+CY. Let
P be the point in the plane such that the lines PX and PY are perpendicular to AB and
AC, respectively. Prove that ZBPC < 120°.

(Solution) Let I be the incenter of AABC, and let the feet of the perpendiculars from I
to AB and to AC be D and E, respectively. (Without loss of generality, we may assume
that AC is the longest side. Then X lies on the line segment AD. Although P may or
may not lie inside AABC, the proof below works for both cases. Note that P is on the line
perpendicular to AB passing through X.) Let O be the midpoint of P, and let the feet of
the perpendiculars from O to AB and to AC be M and N, respectively. Then M and N are
the midpoints of DX and EY, respectively.




The conditions on the points X and Y yield the equations

AX:AB—I—BC—CA and AY:BC%—CA—AB'
2 2
From AD = AFE = CA+A2B_BC , we obtain

CA+ AB—-BC AB+BC—-CA
2 o 2 -

Since M is the midpoint of DX it follows that M is the midpoint of AB. Similarly, N is the
midpoint of AC. Therefore, the perpendicular bisectors of AB and AC' meet at O, that is,
O is the circumcenter of AABC'. Since ZBAC < 60°, O lies on the same side of BC as the
point A and

BD =AB—-AD = AB — AX.

/BOC =2/BAC.
We can compute ZBIC as follows:

/BIC =180° — ZIBC — ZICB = 180° — %ZABC’ — ééACB

1 1 1
= 180° — 5(4ABC’ + ZACB) = 180° — 5(180O — /ZBAC) =90° + iéBAC
It follows from ZBAC < 60° that
2/BAC < 90° + %ZBAC’, ie., ZBOC < £BIC.

From this it follows that I lies inside the circumcircle of the isosceles triangle BOC' because
O and I lie on the same side of BC'. However, as O is the midpoint of I P, P must lie outside
the circumcircle of triangle BOC and on the same side of BC as O. Therefore

/ZBPC < Z/BOC = 2/BAC < 120°.

Remark. If one assumes that ZA is smaller than the other two, then it is clear that the
line PX (or the line perpendicular to AB at X if P = X) runs through the excenter I¢
of the excircle tangent to the side AB. Since 2/ACIc = ZACB and BC < AC, we have
2/PCB > /C. Similarly, 2/PBC > ZB. Therefore,

/BPC =180° — (/PBC + ZPCB) < 180° — (M) LA

= — < 120°.
5 90+2< 0

In this way, a special case of the problem can be easily proved.



Problem 2. Students in a class form groups each of which contains exactly three members
such that any two distinct groups have at most one member in common. Prove that, when
the class size is 46, there is a set of 10 students in which no group is properly contained.

(Solution) We let C' be the set of all 46 students in the class and let
s :=max{|S| : S C C such that S contains no group properly }.

Then it suffices to prove that s > 10. (If |S| = s > 10, we may choose a subset of S consisting
of 10 students.)

Suppose that s < 9 and let S be a set of size s in which no group is properly contained.
Take any student, say v, from outside .S. Because of the maximality of s, there should be a
group containing the student v and two other students in S. The number of ways to choose

two students from S is 0
s
< = 36.

On the other hand, there are at least 37 = 46 — 9 students outside of S. Thus, among those
37 students outside, there is at least one student, say u, who does not belong to any group
containing two students in S and one outside. This is because no two distinct groups have two
members in common. But then, S can be enlarged by including u, which is a contradiction.

Remark. One may choose a subset S of C' that contains no group properly. Then, assuming
|S| < 10, prove that there is a student outside S, say u, who does not belong to any group
containing two students in S. After enlarging S by including u, prove that the enlarged S
still contains no group properly.



Problem 3. Let I' be the circumcircle of a triangle ABC. A circle passing through points
A and C meets the sides BC and BA at D and FE, respectively. The lines AD and C'E meet
I" again at G and H, respectively. The tangent lines of I' at A and C meet the line DFE at L
and M, respectively. Prove that the lines LH and MG meet at I'.

(Solution) Let MG meet I" at P. Since ZMCD = LZCAFE and ZMDC = LZCAE, we have
MC = MD. Thus
MD? =MC? = MG -MP

and hence M D is tangent to the circumcircle of ADGP. Therefore /DGP = ZEDP.

Let I'” be the circumcircle of ABDE. If B = P, then, since ZBGD = ZBDE, the tangent
lines of IV and I" at B should coincide, that is I is tangent to I" from inside. Let B # P.
If P lies in the same side of the line BC' as GG, then we have

LEDP + ZABP = 180°

because /DGP + ZABP = 180°. That is, the quadrilateral BPDF is cyclic, and hence P is
on the intersection of IV with I'.




Otherwise,
/EDP = /DGP = /AGP = ZABP = Z/EBP.

Therefore the quadrilateral PBDE is cyclic, and hence P again is on the intersection of T
with T

Similarly, if LH meets I' at Q, we either have Q = B, in which case I" is tangent to I’
from inside, or Q # B. In the latter case, ) is on the intersection of IV with I'. In either
case, we have P = Q).



Problem 4. Consider the function f : Ny — Ny, where Ny is the set of all non-negative
integers, defined by the following conditions :

(i) f(0) =0, (ii) f(2n) =2f(n) and (iii)) f(2n+ 1) =n+2f(n) for all n > 0.
(a) Determine the three sets L:={n| f(n) < f(n+1)}, E:={n]| f(n)=f(n+1)}, and
G:={n[ f(n)> fn+1)}.

(b) For each k > 0, find a formula for aj, := max{f(n) : 0 <n < 2¥} in terms of k.

(Solution) (a) Let
Li:={2k:k>0}, EF1:={0}U{dk+1:k>0}, and G;:={4k+3:k >0}.

We will show that Ly = L, F1 = FE, and G; = G. It suffices to verify that L1 C FE, £y C F,
and G1 C G because L1, Fq, and G1 are mutually disjoint and L1 U E; U G; = Np.

Firstly, if k£ > 0, then f(2k) — f(2k +1) = —k < 0 and therefore L; C L.

Secondly, f(0) =0 and

FAk+1) =2k +2f(2k) = 2k + 4f(k)
Fk+2) =2f(2k+1) = 2(k + 2f(k)) = 2k + 4f (k)

for all £ > 0. Thus, E; C E.

Lastly, in order to prove G; C G, we claim that f(n+ 1) — f(n) <n for all n. (In fact,
one can prove a stronger inequality: f(n + 1) — f(n) < n/2.) This is clearly true for even n
from the definition since for n = 2t,

f@t+1) - f(2t) =t < n.

If n = 2t + 1 is odd, then (assuming inductively that the result holds for all nonnegative
m < n), we have

fn+1) = f(n)

fRt+2)—ft+1)=2f(t+1)—t—2f(t)
20ft+1)— f(t) —t<2t—t=t<n.

For all £ > 0,

F(4k +4) — f(4k +3) = f(2(2k +2)) — f(2(2k +1) +1)
—Af(k+1)— (2k+1+2f(2k+1)) = 4f(k+ 1) — (2k + 1 + 2k + 4f(k))
—A(f(k+1) — f(k)) — (4k + 1) < 4k — (4k + 1) < 0.

This proves G; C G.
(b) Note that ag = a; = f(1) = 0. Let k£ > 2 and let N}, = {0,1,2,...,2*}. First we claim
that the maximum ay occurs at the largest number in G N N, that is, ap = f(2F —1). We

use mathematical induction on k to prove the claim. Note that as = f(3) = f(22 — 1).
Now let £ > 3. For every even number 2¢ with k-l 41 <2t < 2’“,

F(28) = 2f(t) < 20,y = 2/(2F1 = 1) (+)
by induction hypothesis. For every odd number 2t + 1 with 281 +1 < 2t 4+ 1 < 2k,
ft+1) =t+2f(1t) <261 —14+2f() )
<Pl 14 2ap =2t 14 2f(2F - 1)
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again by induction hypothesis. Combining (1), (1) and

FEF—1) = fEF T 1) +1) =28 — 1y 2f (2R 1),

we may conclude that a, = f(2¥ — 1) as desired.
Furthermore, we obtain

ar = 2ai_1 + oF=1_1

for all k£ > 3. Note that this recursive formula for aj, also holds for £ > 0,1 and 2. Unwinding
this recursive formula, we finally get

ap =2ap_1 +2F1 —1=22ap_5+2F2 1)+ 21 -1
=22aqp_o4+2-2F1 -2 - 1=222ap_3+2F3 —1)42. 21 21
=2a,_5+3-21_922_92_1

= okqy + k2k—1 — okl _ok=2_ _9_1
=k2k=1 _9k L1 forall k> 0.



Problem 5. Let a,b,c be integers satisfying 0 < a < ¢c—1 and 1 < b < ¢. For each k,
0<Ek<a,let ry, 0 <7 <c, be the remainder of kb when divided by c. Prove that the two
sets {ro,r1,72,...,7¢} and {0,1,2,...,a} are different.

(Solution) Suppose that two sets are equal. Then ged(b, ¢) = 1 and the polynomial
fl@)=QQ+a+2%®+. 42— (1+z+2®+- +2°7 +29

is divisible by z¢—1. (This is because: m =n+cq = 2™ — 2" = 2" — " = " (21— 1)
and (27 — 1) = (¢ — 1)((z)? ! + (2¢)7"2 4 - .- +1).) From

f(w) B plat)d _ 1 B 2ot _q B F(JU)
oaxb—1 r—1  (z—-1)(zb—1)"
where F(r) = g®+b+1 4 g0 4 gotl _ pabtb _ gatbtl _ o we have
F(z)=0 (mod z°—1).
Since ¢ =1 (mod z¢ — 1), we may conclude that
{ab+b+1,b,a+1} ={ab+b,a+b+1,1} (mod c). (1)

Thus,
b= ab+b, a+b+1 or 1 (mod c).

But neither b = 1 (mod ¢) nor b = a+ b+ 1 (mod ¢) are possible by the given conditions.
Therefore, b = ab+ b (mod c¢). But this is also impossible because ged(b, ¢) = 1.



